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Find an algorithm to determine if a knot has unknotting number one

Introduction

The ability of Al systems to attack mathematical questions is advancing quickly. This article presents a challenge in
this direction connected to an open mathematical problem. The problem, stated below, concerns finding an algorithm
to determine if a knot has unknotting number equal to one. It is the simplest open case of one of the basic unsolved
problems in knot theory, the Unknotting Problem. It is not known at present whether an algorithm exists for either
the general case of the Unknotting Problem or for this special case. A solution would be a major achievement in
topology.

The Unknotting Number U(K) of a knot K is a classic invariant. It is defined as the smallest number of crossing
changes required to change a diagram of K to a diagram of the unknot.

A knot K has unknotting number one if it is nontrivial and there exists some diagram of K in which changing a
single crossing turns that diagram into a diagram for the unknot. To establish that K has unknotting number one
it suffices to show

1. K is not the unknot
2. There is a diagram of K and a crossing change of that diagram that changes K into the unknot.

Showing that K does not have unknotting number one has been done by computing knot invariants that bound the
unknotting number from below. Note that there is an algorithm to decide whether K is unknotted [5] and software
to verify this in many cases [3, 2].

Problem Statement

Problem: Give an algorithm that inputs a knot and determines whether the Unknotting Number of the knot is
equal to one.

Importance of the Problem

This problem is one of the fundamental questions in low-dimensional topology. It asks a basic question about how
hard it is to trivialize a knot. A solution either way would be a major result in Knot Theory.

It also has implications in computational complexity theory. At present we do not know if the problem is
undecidable, or if there is a simple algorithm with polynomial running time. Investigations into algorithms related
to knots has led to important new insights into the theory of algorithms and computational complexity, going back
to work of Dehn in the early 1900’s [4].

A third connection is to topological applications in the study of knotted DNA and knotted proteins. A crossing
change corresponds to a biological process where enzymes called topoisomerases split and reconnect DNA.

Either a positive or a negative solution to the problem is plausible. Both have been found in related natural
topological problems. A positive solution was found for the closely related Unknotting Problem. Haken gave an
algorithm to determine whether a knot is trivial (has unknotting number 0) [5]. A negative solution to the existence
of an algorithm to a basic topological problem was given by Markov, who showed that there is no algorithm to
determine if two smooth 4-manifolds are diffeomorphic [6].
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Assessment of the difficulty of the problem

No progress has been made in discovering an algorithm for the Unknotting Problem. A recent result indicates that
the general problem of determining Unknotting Number is NP-hard [1], but this is not known for the more limited
question of determining if the Unknotting Number is equal to one.

The difficulty in computing the Unknotting Number arises from the need to minimize over all possible diagrams
that represent the knot. There is no obvious limit on how complicated a diagram is needed. Examples exists for
which the simplest diagram does not exhibit the number of crossings need to unknot.

For the related algorithm to determine whether U(K) = 0, i.e whether a knot is the unknot, open source software
is available that runs successively on knot diagrams with up to several hundreds of crossings, though not all [3, 2].
A quasi-polynomial running time for a knot triviality algorithm was recently announced by Lackenby.
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