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Stretched Littlewood-Richardson coefficients

Let A = (A1, A2,...) be an integer partition of n, u = (u1, pe,...) be an integer partition of m and v = (v1,v9,...)
be an integer partition of n — m. The irreducible polynomial representations of the general linear group are the
Weyl modules and are indexed by partitions. The Littlewood-Richardson (LR) coefficients cﬁy are the multiplicities
of irreducible GL module V) in the tensor product of two other irreducible GL modules V,, ® V,,, namely they are
defined as N
ey,
V.oV, =v .
A

They are also structure constants in the ring of symmetric functions (when multiplying Schur functions and expanding
them in that basis):

su(x1, x2,..)su(x1,22,...) = ZCﬁVSA($1, To,...).
)

They have a combinatorial interpretation as counting certain types of semi-standard Young tableaux. For all the
different formulas and context see [10, 9]. Overall, they are central quantities in algebraic combinatorics and posses
remarkable properties that are still not fully understood. The LR coefficients are also important in algebraic geometry
(intersection of Schubert cells), physics and geometric complexity theory (GCT), see [7] for an overview of these
aspects.

The breakthrough proof of the saturation conjecture [6] introduced a polytope (the hive polytope), whose number

of integer points is the LR coefficient. This immediately implied that the stretched LR coefficients ciﬁ’w are a quasi-
A

polynomial in ¢. In [5] King-Tollu-Tomazet conjectured that the stretched Littlewood-Richardson coefficients ci7, ;,

are polynomials in ¢ with nonnegative coefficients, that is
ci/ﬁ,ty = aO()‘v s V)td + al()‘7 s V)td_l +- ad()\v My V)'

The polynomiality property has been since proven, see [2, 8, 11]. Very special cases of the integrality of the coefficients
were done in [4] in the case when d = 1, which corresponds to cf;u =2= cﬁﬁtu =t + 1. The nonnegativity of the
coefficients still stands with very little progress in either direction. Our goal is to disprove this conjecture.

Open problem. Find integer partitions A, u, v, such that |A\| = |u| + |v| and such that the polynomial
Ciﬁ,tu = a0(>‘7 My V)tm + e+ ad—l(>\a My V)t + ad(/\a 1y V)

has a coefficient a; (A, p,v) < 0.

Special cases of this problem cover the Ehrhart polynomial of the Chen-Robbins-Yuen polytope (when = v =
(n—=1,n—2,...,1)and A =2n—1,2(n—1),2(n—2),...,2,1), as well as the stretched Kostka numbers (alternatively
Gelfand-Tsetlin patterns), neither of which is known to have nonnegative coefficients. The degree of the polynomial
is not generally known, but we have d < (Z(’\%H), where £(\) is the number of nonzero parts of the partition .

We are looking for the 3 partitions A, u, v which solve this open problem, i.e. for which there is some i and
a;(A, u,v) < 0. The attached code verifies the answer, i.e. given the three partitions it computes the polynomial and
checks if indeed some coefficient is < 0.

One way to compute the polynomial cfff;tl, is as follows. First, assume that cf;l, > 1, otherwise the stretched LR
is always 0. Then
k;l)

A o, = #{H(EA, tu, tv) N 2

p=i(HQ p,v), 1),
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where i(P,t) = #{tPNZ%™P)} is the Ehrhart (quasi)polynomial of P. The polytope H is the hive polytope defined

as

Index set: A, ={(i,j.k) €Z% : i+j+k=n}, hijr€R

Boundary data (fix a basepoint and prescribe edge slopes):

hono =0,

hi,nﬂ',o - hi71,n7i+1,0 =\ (1 =1,... an)v
hO,n—r,r - hO,n—r+1,r—1 = M (T’ =1,... ,TL),
hr,Om—r - hr—l,O,n—T+1 =Ur (7” =1,... ’n)'

Rhombus (discrete concavity) inequalities:
Pige+hiv1, 5,61 = Pig1,j—1,6 Fhi j41,6—1 forj,k>1,9>0, i+j+k=n,
higre+hict j+1,6 = hije1,0—1+hic1, k1 fori,k>1,52>0, i+j+k=n,
> hi1jevrthig o1k fore,j>1 k>0, i+j+k=mn.

V

Rijoe + R, j—1, k41

Why the conjecture might be false. Positivity in combinatorics is a very rare and special phenomenon. Usually
such polynomials exhibit positivity as part of some deeper structure, either algebraic or geometric. Many Ehrhart
or order polynomials for very simple polytopes are not positive. For example the order polynomial of the poset
consisting of an antichain and one maximal element does not have positive coefficients. Other counterexamples
can be found in [1, 3]. Overall, there is no intrinsic reason for the positivity to hold. The main reason why no
counterexample has been found so far is that the LR coefficients are still not very efficient to compute, the parameter
space is large depending on three partitions, and it is hard going past ¢(A) > 6 or so. It would be reasonable to do
a search on partitions with £(\) < 20.
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